Autocorrelation of a class of quaternary sequences of period $2p^m$ by Wang, Qiuyan et al.
ar
X
iv
:2
00
2.
00
37
5v
1 
 [c
s.I
T]
  2
 Fe
b 2
02
0
1
Autocorrelation of a class of quaternary sequences
of period 2pm
Qiuyan Wang, Weigang Kong, Yang Yan, Chenhuang Wu and Minghui Yang
Abstract
Sequences with good randomness properties are quite important for stream ciphers. In this paper, a new class
of quaternary sequences is constructed by using generalized cyclotomic classes of Z2pm (m≥ 1). The exact values
of autocorrelation of these sequences are determined based on cyclotomic numbers of order 2 with respect to pm.
Results show that the presented sequences have the autocorrelations with at most 4 values.
keywords: autocorrelation, quaternary sequences, generalized cyclotomic numbers
I. INTRODUCTION
pseudorandom sequences with good cryptography properties have wide applications in code-division
multiple-access systems, global positing systems and stream ciphers. From the viewpoint of implementa-
tion, binary and quaternary sequences are preferred. Recently, quaternary sequences over Z4 have received
a lot of study. The mainly methods for constructing quaternary sequences are the inverse Gray mapping and
the generalized cyclotomy. In [6], [7], [8], [9], quaternary sequences over Z4 with good autocorrelation
have been constructed by using the inverse Gray mapping. In [10], [11], [12], the authors used the
generalized cyclotomy to present quaternary sequences with different periods.
The periodic autocorrelation function, as an important merit for sequence design, measures the level of
similarity of a periodic sequence and a shift of this sequence. In [13], Ding et al. gave several families
of binary sequences of period 2p with optimal three-level autocorrelation. In [14], Kim, Jin and Song
determined the autocorrelation and the linear complexity of prime cube sequences. In [15], Edemskiy made
use of generalized cyclotomic classes of Z2p to construct quaternary sequences with low autocorrelation.
In [16], some quaternary cyclotomic sequences of period 2p were given and the autocorrelation function
of these sequences were computed. Now it is interesting to see if it is possible to construct quaternary
sequences of length 2pm, where m is a positive integer.
We first recall the definition of generalized cyclotomic classes of Z2pm , where p is an odd prime. Assume
that g is a primitive root of pm. Without loss of generality, we assume that g is an odd integer. By Chinese
Reminder Theorem [2], g is also a primitive root of 2pm. Furthermore, g is a common primitive root of
pi and 2pi for any integer 1≤ i≤ m. Define
D
(pm)
0 = 〈g
2〉=
{
g2t mod pm : 0≤ t ≤ pm−1(p−1)/2−1
}
,D
(pm)
1 = gD
(pm)
0 ,
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2D
(2pm)
0 = 〈g
2〉=
{
g2t mod 2pm : 0≤ t ≤ pm−1(p−1)/2−1
}
,D
(2pm)
1 = gD
(2pm)
0 .
Then D
(pm)
i and D
(2pm)
i for 0≤ i≤ 1 are called the generalized cyclotomic classes of order 2 of Zpm and
Z2pm , respectively. For 1≤ i≤ m, it can be easily checked that
Z
∗
pi
= D
(pi)
0 ∪D
(pi)
1 , Z
∗
2pi
= D
(2pi)
0 ∪D
(2pi)
1 ,
and
Z2pm =
m⋃
i=1
pm−i
(
Z
∗
2pi
∪2Z∗
pi
)⋃
{0, pm}
=
m⋃
i=1
(
pm−iD
(2pi)
0 ∪ p
m−iD
(2pi)
1 ∪2p
m−iD
(pi)
0 ∪2p
m−iD
(pi)
1
)⋃
{0, pm}.
The quaternary sequence {s(n)} of period 2pm is defined as
s(n) =


0, if n≡ 0 mod 2p,
2, if n≡ p mod 2p,
0, if n ∈ D
(2pm)
0 ,
1, if n ∈ D
(2pm)
1 ,
2, if n ∈ 2D
(pm)
0 ,
3, if n ∈ 2D
(pm)
1 .
(1)
A quaternary sequence {s(n)} of period N over Z4 is called balanced if
max
j∈Z4
|{i : 0≤ i≤ N−1,s(i) = j}|−min
j∈Z4
|{i : 0≤ i≤ N−1,s(i) = j}| ≤ 1.
Thus, the sequence {s(n)} given by (1) is balanced for m= 1.
The rest of this paper is organized as follows. Basic definitions and related properties are introduced in
Section II. Section III determines the autocorrelation of the quaternary sequence {s(n)} defined by (1).
Finally, we summarize our study in Section V.
II. PRELIMINARIES
In this section, we present some notations and preliminaries that will be used in the sequel. We begin
with the definition of cross-correlation functions of periodic sequences.
Definition 1. The corss-correlation function of quaternary sequences {u(n)} and {v(n)} of period N is
defined by
Cu,v(τ) =
N−1
∑
n=0
ωu(n+τ)−v(n),
where ω is a complex 4-th root of unity.
When {u(n)}= {v(n)}, we write Cu =Cu,u for short, and Cu is called the auto-correlation function of
{u(t)}.
Lemma 1 ([3], [4]). 2 ∈ D
(p)
i if and only if 2 ∈ D
(pk)
i for k ≥ 1 and i= 0,1.
Lemma 2 ([1], [2]). 2 ∈ D
(p)
0 if p≡±1 (mod 8), and 2 ∈ D
(p)
1 if p≡±3 (mod 8).
Lemma 3 (Lemma 5, [17]). Assume that t is an odd integer, then for i= 0,1 and j= 1,2, · · · ,m, we have
1) 2D
(p j)
i + pt (mod 2p
j) =
{
D
(2p j)
i , if 2 ∈ D
(p)
0 ,
D
(2p j)
i+1 , if 2 ∈ D
(p)
1 .
32) D
(2p j)
i +2pt (mod 2p
j) = D
(2p j)
i .
Lemma 4 (Lemma 1, [17]). For 1≤ k ≤ m and i= 0,1, we have
1) D
(pk)
i = {x+ py : x ∈ D
(p)
i ,y ∈ Zpk−1}.
2) D
(2pk)
i = {x+ py+δx,y : x ∈ D
(p)
i ,y ∈ Zpk−1}, where
δx,y =
{
0, if x+ py is odd,
pk, otherwise.
Lemma 5. Let symbols be the same as before. Then
−1 mod pk ∈ D
(pk)
0 if and only if −1 mod 2p
k ∈ D
(2pk)
0 for k ≥ 1.
Proof. It can be easily proved by Lemma 4.
Let (i, j)pm denote the cyclotomic numbers of order 2 with respect to p
m, i.e.,
(i, j)pm =
∣∣∣(D(pm)i +1)∩D(pm)j ∣∣∣ .
The following lemma is well-known.
Lemma 6 (Theorem 1, [3]). If p≡ 1 mod 4, then
(1,0)pm = (1,1)pm = (0,1)pm =
(p−1)pm−1
4
, (0,0)pm =
pm−1(p−5)
4
.
If p≡ 3 mod 4, then
(1,0)pm = (0,0)pm = (1,1)pm =
(p−3)pm−1
4
, (0,1)pm =
(p+1)pm−1
4
.
Definition 2. Let p be an odd prime. The two sequences {u(n)} and {v(n)} of period pm are defined as
u(n) =
{
0, if n mod pm ∈C
(pm)
0 = D
(pm)
0 ,
1, if n mod pm ∈C
(pm)
1 = D
(pm)
1 ∪{0}∪A;
v(n) =
{
0, if (2n+1) mod 2pm ∈C
(2pm)
0 = D
(2pm)
0 ,
1, if (2n+1) mod 2pm ∈C
(2pm)
1 = B∪D
(2pm)
1 ,
where A= pZpm−1 and B= {p,3p, . . . ,(2p
m−1)p}.
For τ ∈ Zpm, and i, j = 0,1, define
du(i, j;τ) = |C
(pm)
i ∩ (C
(pm)
j + τ)|,
dv(i, j;τ) = |C
(2pm)
i ∩ (C
(2pm)
j +2τ)|,
du,v(i, j;τ) = |2C
(pm)
i ∩ (C
(2pm)
j +2τ−1)|,
dv,u(i, j;τ) = |C
(2pm)
i ∩ (2C
(pm)
j +2τ−1)|.
Lemma 7. Let symbols be the same as before. Then we have
du(1,0;τ) =


pm−1(p+3)
4
, if τ ∈ D
(pm)
0 , p≡ 1 (mod 4),
pm−1(p−1)
4
, if τ ∈ D
(pm)
1 , p≡ 1 (mod 4),
pm−1(p+1)
4
, if p≡ 3 (mod 4),
0, if τ ∈ pZpm−1\{0}.
4Proof. It can be proved by Lemma 6.
Lemma 8. Let symbols be the same as before. Then we have
dv(1,0;τ) =


pm−1(p−1)
4
, if τ ∈ D
(pm)
1 , p≡ 1 (mod 8),
or τ ∈ D
(pm)
0 , p≡ 5 (mod 8),
pm−1(p+3)
4
, if τ ∈ D
(pm)
0 , p≡ 1 (mod 8),
or τ ∈ D
(pm)
1 , p≡ 5 (mod 8),
pm−1(p+1)
4
, if τ ∈ Z∗pm , p≡ 3 or 7 (mod 8),
0, if τ ∈ pZpm−1\{0}.
Proof. Note that
dv(1,0;τ) = |C
(2pm)
1 ∩ (C
(2pm)
0 +2τ)|
= |B∩ (C
(2pm)
0 +2τ)|+ |D
(2pm)
1 ∩ (C
(2pm)
0 +2τ)|,
where B=
{
p,2p, . . . ,
(
2pm−1−1
)
p
}
.
If p | τ, by Lemma 3 we obtain C
(2pm)
0 +2τ =C
(2pm)
0 and then dv(1,0;τ) = 0.
In the sequel, we consider τ ∈ Z∗pm . In this case, we first compute |B∩ (C
(2pm)
0 +2τ)|. If −2τ ∈ D
(p)
0 , by
Lemma 3
C
(2pm)
0 +2τ = {py+δy : y ∈ Zpm−1}, where
δy =
{
0, if y is odd,
pm−1, otherwise.
According to Lemmas 2 and 5, we have
1) when p≡ 1 or 3 (mod 8),
|B∩ (C
(2pm)
0 +2τ)|=
{
pm−1, if τ ∈ D
(pm)
0 ,
0, if τ ∈ D
(pm)
0 ;
2) when p≡ 5 or 7 (mod 8),
|B∩ (C
(2pm)
0 +2τ)|=
{
0, if τ ∈ D
(pm)
0 ,
pm−1, if τ ∈ D
(pm)
0 .
Next, we determine |D
(2pm)
1 ∩ (C
(2pm)
0 +2τ)|. Since
|D
(2pm)
1 ∩ (C
(2pm)
0 +2τ)|= |D
(pm)
1 ∩ (D
(pm)
0 +2τ) (mod p
m)|
= |2−1τ−1D
(pm)
1 ∩ (2
−1τ−1D
(pm)
0 +1)|,
by Lemma 2 we have
1) when p≡±1 (mod 8),
|D
(2pm)
1 ∩ (C
(2pm)
0 +2τ)|=
{
(0,1)pm, if τ ∈ D
(pm)
0 ,
(1,0)pm if τ ∈ D
(pm)
1 ;
2) when p≡±1 (mod 8),
|D
(2pm)
1 ∩ (C
(2pm)
0 +2τ)|=
{
(1,0)pm, if τ ∈ D
(pm)
0 ,
(0,1)pm if τ ∈ D
(pm)
1 ;
5Combining the above computations and Lemma 6, we can get the conclusions of this lemma.
Lemma 9. Let symbols be the same as before. Then we have
du,v(1,0;τ) =


pm−1(p+3)
4
, if p≡ 1 (mod 8),2τ−1 ∈ D
(2pm)
0 ,
pm−1(p−1)
4
, if p≡ 1 (mod 8),2τ−1 ∈ D
(2pm)
1 ,
or p≡ 5 (mod 8),2τ−1 ∈ Z∗2pm ,
pm−1(p+1)
4
, if p≡ 3 (mod 8),2τ−1 ∈ D
(2pm)
1 ,
or p≡ 7 (mod 8),2k−1 ∈ Z∗2pm ,
pm−1(p−3)
4
, if p≡ 3 (mod 8),2τ−2 ∈ D
(2pm)
0 ,
pm, if p≡±1 (mod 8),2τ−1≡ p (mod 2p),
pm−1, if p≡±3 (mod 8),2τ−1≡ p (mod 2p).
Proof. Note that
du,v(1,0;τ) = |2C
(pm)
1 ∩ (C
(2pm)
0 +2τ−1)|
= |2pZpm−1 ∩ (D
(2pm)
0 +2τ−1)|+ |2D
(pm)
1 ∩ (D
(2pm)
0 +2τ−1)|. (2)
It follows from Lemma 4 that
|2pZpm−1 ∩ (C
(2pm)
0 +2τ−1)|=
{
pm−1, if − (2τ−1) (mod p) ∈ D
(p)
0 ,
0, otherwise.
(3)
Since |2D
(pm)
1 ∩ (D
(2pm)
0 + 2τ− 1)| = |2D
(pm)
1 ∩ (D
(pm)
0 + 2τ− 1)|, according to Lemma 2, Lemma 3 and
Lemma 5 we have
1) if p≡±1 (mod 8), then 2 ∈ D
(p)
0 and
|2D
(pm)
1 ∩ (D
(2pm)
0 +2τ−1)|=


0, if 2τ−1≡ p (mod 2p),
(0,1)pm, if 2τ−1 ∈ D
(2pm)
0 ,
(1,0)pm, if 2τ−1 ∈ D
(2pm)
1 ;
(4)
2) if p≡±3 (mod 8), then 2 ∈ D
(p)
1 and
|2D
(pm)
1 ∩ (D
(2pm)
0 +2τ−1)|=


pm−1(p−1)
2
, if 2τ−1≡ p (mod 2p),
(0,0)pm, if 2τ−1 ∈ D
(2pm)
0 ,
(1,1)pm, if 2τ−1 ∈ D
(2pm)
1 .
(5)
Then the desirable results follow from Lemma 6, (2), (3) and (4).
Lemma 10. Let symbols be the same as before. Then we have
dv,u(1,0;τ) =


pm−1(p+3)
4
, if p≡ 1 (mod 8),2τ−1 ∈ D
(2pm)
0 ,
pm−1(p−3)
4
, if p≡ 3 (mod 8),2τ−1 ∈ D
(2pm)
1 ,
pm−1(p−1)
4
, if p≡ 5 (mod 8),2τ−1 ∈ Z∗2pm ,
or p≡ 1 (mod 8),2τ−1 ∈ D
(2pm)
1 ,
pm−1(p+1)
4
, if p≡ 7 (mod 8),2τ−1 ∈ Z∗2pm ,
or p≡ 3 (mod 8),2τ−1 ∈ D
(2pm)
0 ,
pm, if p≡±1 (mod 8),2τ−1≡ p (mod 2p),
pm−1, if p≡±3 (mod 8),2τ−1≡ p (mod 2p).
6Proof. Note that
dv,u(1,0;τ) = |B∩ (2C
(2pm)
0 +2τ−1)|+ |D
(2pm)
1 ∩ (2C
(pm)
0 +2τ−1)|, (6)
where B=
{
p,2p, . . . ,
(
2pm−1−1
)
p
}
.
The computation on dv,u(1,0;τ) is divided into the following two cases.
Case (i). 2τ−1≡ p (mod 2p). By Lemma 3, we know |B∩ (2C
(2pm)
0 +2τ−1)|= 0 and
2C
(pm)
0 +2τ−1=
{
D
(2pm)
0 , if 2 ∈ D
(p)
0 ,
D
(2pm)
1 , if 2 ∈ D
(p)
1 ,
|D
(2pm)
1 ∩ (2C
(pm)
0 +2τ−1)|=
{
0, if p≡±1 (mod 8),
pm−1(p−1)
2
, if p≡±3 (mod 8).
Hence, we obtain
dv,u(1,0;τ) =
{
0, if p≡±1 (mod 8),
pm−1(p−1)
2
, if p≡±3 (mod 8).
(7)
Case (ii). 2τ−1 ∈ Z∗2pm . Simple computation shows that
1) if p≡±1 (mod 8), then
dv,u(1,0;τ) = |B∩ (C
(2pm)
0 +2τ−1)|+ |D
(2pm)
1 ∩ (D
(pm)
0 +2τ−1)|.
2) if p≡±3 (mod 8), then
dv,u(1,0;τ) = |B∩ (D
(2pm)
1 +2τ−1)|+ |D
(2pm)
1 ∩ (D
(pm)
1 +2τ−1)|.
Since |D
(2pm)
1 ∩ (D
(pm)
0 +2τ−1)|= |D
(pm)
1 ∩ (D
(pm)
0 +2τ−1)|, by Lemma 4 we obtain
1) if p≡ 1 (mod 8), then
dv,u(1,0;τ) =
{
pm−1+(0,1)pm, if 2τ−1 ∈ D
(2pm)
0 ,
(1,0)pm, if 2τ−1 ∈ D
(2pm)
1 ;
(8)
2) if p≡ 3 (mod 8), then
dv,u(1,0;τ) =
{
pm−1+(1,1)pm, if 2τ−1 ∈ D
(2pm)
0 ,
(0,0)pm, if 2τ−1 ∈ D
(2pm)
1 ;
(9)
3) if p≡ 5 (mod 8), then
dv,u(1,0;τ) =
{
(1,1)pm, if 2τ−1 ∈ D
(2pm)
0 ,
pm−1+(0,0)pm, if 2τ−1 ∈ D
(2pm)
1 ;
(10)
4) if p≡ 7 (mod 8), then
dv,u(1,0;τ) =
{
(0,1)pm, if 2τ−1 ∈ D
(2pm)
0 ,
pm−1+(1,0)pm, if 2τ−1 ∈ D
(2pm)
1 .
(11)
The results of this lemma can be derived from (6)-(11) and Lemma 6.
7III. AUTOCORRELATION OF QUATERNARY CYCLOTOMIC SEQUENCES WITH PERIOD 2pm
In order to determine the autocorrelation of {s(n)} defined by (1), we introduce two kinds of quaternary
cyclotomic sequences of period pm.
Let
s(1)(n) =


0, if n≡ 0 mod p,
2, if n ∈ D
(pm)
0 ,
3, if n ∈ D
(pm)
1 ;
(12)
s(2)(n) =


2, if 2n+1≡ p mod 2p,
0, if 2n+1 ∈ D
(2pm)
0 ,
1, if 2n+1 ∈ D
(2pm)
1 .
(13)
With the help of {s(1)(n)} and {s(2)(n)}, the autocorrelation of the quaternary sequence {s(n)} can be
expressed as follows.
Lemma 11. Let symbols be the same as before. Then we have
Cs(τ) =
{
Cs(1)(k)+Cs(2)(k), if τ ≡ 2k (mod 2p
m),1≤ k ≤ pm−1,
Cs(2)s(1)(k−1)+Cs(1)s(2)(k), if τ ≡ 2k−1 (mod 2p
m),1≤ k ≤ pm.
Proof. The proof of this lemma can be directly obtained from Def. 1.
Lemma 12. The autocorrelation of the quaternary sequence {s(1)(n)} of period pm can be given by:
1) when p≡ 1 mod 4, we have
Cs(1)(k) =


pm−1(p−7)
2
, if k ∈ D
(pm)
0 ,
pm−1(p−3)
2
, if k ∈ D
(pm)
1 ,
pm, if k ∈ pZpm−1\{0};
2) when p≡ 3 mod 4, we have
Cs(1)(k) =


pm−1(p−5)
2
+2ω, if k ∈ D
(pm)
0 ,
pm−1(p−5)
2
−2ω, if k ∈ D
(pm)
1 ,
pm, if k ∈ pZpm−1\{0}.
Proof. The autocorrelation of {s(1)(n)} can be given as follows:
Cs(1)(k) =
pm−1
∑
i=0
ωs
(1)(i+k)−s(1)(i)
= ∑
i∈E
ωs
(1)(i+k)−s(1)(i)+ ∑
i∈D
ωs
(1)(k+i)−s(1)(i)
+ ∑
i∈Zpm
i6∈D∪E
ωs
(1)(i+k)−s(1)(i),
where D= pZpm−1 − k and E = pZpm−1 .
Note that
s(1)(n) =
{
u(n)+2, if n ∈ Z∗pm ,
0, if n ∈ pZpm .
8Hence, we obtain
Cs(1)(k) =∑
i∈E
ωu(i+k)+2+ ∑
i∈D
ω−2−u(i)
+
pm−1
∑
i=0
ωu(i+k)−u(i)− ∑
i∈D∪E
ωu(i+k)−u(i), (14)
It can be easily checked that
pm−1
∑
i=0
ωu(i+k)−u(i) = du(1,0;k)ω+du(0,0;k)ω
0+du(0,1;k)ω
−1+du(1,1;k)ω
0
= pm−2du(1,0;k),
where the last identity was due to du(1,0;k) = du(0,1;k) and
du(1,0;k)+du(0,0;k)+du(0,1;k)+du(1,1;k) = p
m.
Based on (14), we get
Cs(1)(k) = p
m−2du(1,0;k) for k ∈ Zpm\{0}, (15)
and
Cs(1)(k) = ∑
i∈pZ
pm−1
ωu(i+k)+2+ ∑
i∈pZ
pm−1
ω−u(−k+i)−2
+ pm−2du(1,0;k)− ∑
i∈pZ
pm−1
ωu(i+k)−u(i)− ∑
i∈pZ
pm−1
ωu(i)−u(−k+i) (16)
for k ∈ Z∗pm .
When p ≡ 1 (mod 4), by Lemma 5 k ∈ D
(pm)
i ⇔ −k ∈ D
(pm)
i . Hence, k ∈ D
(pm)
j implies u(i+ k) =
u(−k+ i) = j for j = 0,1. Similarly, when p≡ 3 (mod 4), by Lemma 5 k ∈ D
(pm)
i ⇔ −k ∈ D
(pm)
(i+1) mod 2.
Hence, k ∈ D
(pm)
j implies u(i+ k) = j and u(−k+ i) = ( j+1) mod 2 for j = 0,1.
By Lemmas 2, 5 and 7 and the above analysis, we complete the proof of this lemma.
Lemma 13. The autocorrelation of the quaternary sequence {s(2)(n)} of period pm can be given by:
1) when p≡ 1 (mod 8), we have
Cs(2)(k) =


pm−1(p−7)
2
, if k ∈ D
(pm)
0 ,
pm−1(p−3)
2
, if k ∈ D
(pm)
1 ,
pm, if k ∈ pZpm−1 \{0};
2) when p≡ 3 (mod 8), we have
Cs(2)(k) =


pm−1(p−5)
2
−2pm−1ω, if k ∈ D
(pm)
0 ,
pm−1(p−5)
2
+2pm−1ω, if k ∈ D
(pm)
1 ,
pm, if k ∈ pZpm−1 \{0};
3) when p≡ 5 (mod 8), we have
Cs(2)(k) =


pm−1(p−3)
2
, if k ∈ D
(pm)
0 ,
pm−1(p−7)
2
, if k ∈ D
(pm)
1 ,
pm, if k ∈ pZpm−1 \{0};
94) when p≡ 7 (mod 8), we have
Cs(2)(k) =


pm−1(p−5)
2
+2pm−1ω, if k ∈ D
(pm)
0 ,
pm−1(p−5)
2
−2pm−1ω, if k ∈ D
(pm)
1 ,
pm, if k ∈ pZpm−1 \{0}.
Proof. Note that
s(2)(n) =
{
v(n), if 2n+1 ∈ Z∗pm,
2, if n ∈C,
where
C = {(p−1)/2,(3p−1)/2, . . .,
(
(2pm−1−1)p−1
)
/2}. (17)
Similar to the procedure in the case of {s(1)(n)}, the autocorrelation of {s(2)(n)} satisfies:
1) if p | k and k 6= 0, then we have
Cs(2)(k) = p
m−2dv(1,0;k)
= pm, (18)
where the last equality holds due to Lemma 8.
2) if k ∈ Z∗pm , then we have
Cs(2)(k) = ∑
i∈C
ω2−v(−k+i)+ ∑
i∈C
ωv(i+k)−2
−∑
i∈C
ω1−v(−k+i)−∑
i∈C
ωv(i+k)−1+ pm−2dv(1,0;k). (19)
By the assumption, we know 2(−k+ t) ∈D
(2pm)
j for t ∈C means that −2k ∈D
(pm)
j , and 2(k+ t) ∈D
(2pm)
j
for t ∈C means that 2k ∈ D
(pm)
j . And the inverse also holds. Therefore, we get
1) if p≡ 1 (mod 8), then k ∈ D
(pm)
j if and only if 2k ∈ D
(pm)
j if and only if −2k ∈ D
(pm)
j for j = 0,1.
Hence, k ∈ D
(pm)
j implies
v(i+ k) = v(i− k) = j for i ∈C;
2) if p ≡ 3 (mod 8), then k ∈ D
(pm)
j if and only if 2k ∈ D
(pm)
( j+1) mod 2 if and only if −2k ∈ D
(pm)
j for
j = 0,1. Hence, k ∈ D
(pm)
j implies
v(i+ k) = j+1 (mod 2) and v(i− k) = j for i ∈C;
3) if p ≡ 5 (mod 8), then k ∈ D
(pm)
j if and only if 2k ∈ D
(pm)
( j+1) mod 2 if and only if −2k ∈ D
(pm)
j for
j = 0,1. Hence, k ∈ D
(pm)
j implies
v(i+ k) = v(i− k) = ( j+1) mod 2 for i ∈C;
4) if p ≡ 7 (mod 8), then k ∈ D
(pm)
j if and only if 2k ∈ D
(pm)
j if and only if −2k ∈ D
(pm)
( j+1) mod 2 for
j = 0,1. Hence, k ∈ D
(pm)
j implies
v(i+ k) = j and v(i− k) = ( j+1) mod 2 for i ∈C.
Combining the above analysis and Lemma 8 , we get the conclusions of this lemma.
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Lemma 14. For 1≤ k≤ pm, the cross-correlation of the two quaternary sequences {s(1)(n)} and {s(2)(n)}
of period pm can be given by:
1) when p≡ 1 (mod 8), we have
Cs(1)s(2)(k) =


−pm, if 2k−1≡ p (mod 2p),
pm−1(7−p)
2
, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(3−p)
2
, if 2k−1 ∈ D
(2pm)
1 ;
2) when p≡ 3 (mod 8), we have
Cs(1)s(2)(k) =


−pm−1, if 2k−1≡ p (mod 2p),
pm−1(1−p)
2
, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(5−p)
2
, if 2k−1 ∈ D
(2pm)
1 ;
3) when p≡ 5 (mod 8), we have
Cs(1)s(2)(k) =


−pm−1, if 2k−1≡ p (mod 2p),
pm−1(3−p)
2
+2pm−1ω, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(3−p)
2
−2pm−1ω, if 2k−1 ∈ D
(2pm)
1 ;
4) when p≡ 7 (mod 8), we have
Cs(1)s(2)(k) =


−pm, if 2k−1≡ p (mod 2p),
pm−1(5−p)
2
−2pm−1ω, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(5−p)
2
+2pm−1ω, if 2k−1 ∈ D
(2pm)
1 .
Proof. Let {s(1)(n)} and {s(2)(n)} be the two quaternary sequences defined by (12) and (13), respec-
tively. We distinguish between the following two cases to calculate the cross-correlation of {s(1)(n)} and
{s(2)(n)}:
Cs(1)s(2)(k) =
pm−1
∑
i=0
ωs
(1)(i+k)−s(2)(i)
= ∑
i∈pZ
pm−1
ω−s
(2)(i−k)+ ∑
i∈C
ωs
(1)(i+k)+2+
pm−1
∑
i=0
ωu(i+k)+2−v(i)
− ∑
i∈pZ
pm−1
ωu(i)+2−v(i−k)−∑
i∈C
ωu(i+k)+2−v(i), (20)
where C is defined by (17).
Case (i): 2k− 1 ≡ p (mod 2p). In this case s(2)(−k+ i) = 2 and v(−k+ i) = 1, u(i+ k) = 1 and
s(1)(i+ k) = 0 for i ∈C. It follows from (20) that
Cs(1)s(2)(k) =−
pm−1
∑
i=0
ωu(i+k)−v(i).
Case (ii): 2k−1 ∈ Z∗2pm . By (20), we have
Cs(1)s(2)(k) = ∑
i∈pZ
pm−1
ω−v(−k+i)+ ∑
i∈C
ωu(i+k)−
pm−1
∑
i=0
ωu(i+k)−v(i)
+ ∑
i∈pZ
pm−1
ω−v(−k+i)−∑
i∈C
ωu(i+k)+1.
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It is easy to verify that
du,v(0,1;k) = du,v(1,0;k),
1
∑
j=0
1
∑
i=0
du,v(i, j;k) = p
m.
Hence, we deduce
pm−1
∑
i=0
ωu(i+k)−v(i) = pm−2du,v(1,0;k).
According to Lemma 2 and Lemma 5, we have
1) if p≡ 1 (mod 8), then v(−k+ i) = u(i+ k) = j for 2k−1 ∈ D
(2pm)
j and i ∈C;
2) if p≡ 3 (mod 8), then v(−k+ i) = u(i+ k) = j+1 mod 2 for 2k−1 ∈ D
(2pm)
j and i ∈C;
3) if p≡ 5 (mod 8), then v(−k+ i) = j and u(i+ k) = ( j+1) mod 2 for 2k−1 ∈ D
(2pm)
j and i ∈C;
4) if p≡ 7 (mod 8), then v(−k+ i) = j+1 mod 2 and u(i+ k) = j for 2k−1 ∈ D
(2pm)
j and i ∈C.
The desirable results follow from the above discussions together with Lemma 9.
Lemma 15. For 1≤ k≤ pm, the cross-correlation of the two quaternary sequences {s(2)(n)} and {s(1)(n)}
of period pm can be given by:
1) when p≡ 1 (mod 8), we have
Cs(2)s(1)(k) =


−pm, if 2k−1≡ p (mod 2p),
pm−1(7−p)
2
, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(3−p)
2
, if 2k−1 ∈ D
(2pm)
1 ;
2) when p≡ 3 (mod 8), we have
Cs(2)s(1)(k) =


−pm−1, if 2k−1≡ p (mod 2p),
pm−1(5−p)
2
, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(1−p)
2
, if 2k−1 ∈ D
(2pm)
1 ;
3) when p≡ 5 (mod 8), we have
Cs(2)s(1)(k) =


−pm−1, if 2k−1≡ p (mod 2p),
pm−1(3−p)
2
−2pm−1ω, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(3−p)
2
+2pm−1ω, if 2k−1 ∈ D
(2pm)
1 ;
4) when p≡ 7 (mod 8), we have
Cs(2)s(1)(k) =


−pm, if 2k−1≡ p (mod 2p),
pm−1(5−p)
2
−2pm−1ω, if 2k−1 ∈ D
(2pm)
0 ,
pm−1(5−p)
2
+2pm−1ω, if 2k−1 ∈ D
(2pm)
1 .
Proof. To begin with, we consider Cs(2)s(1)(k).
When 2k−1≡ p (mod 2p), it is easy to verify that
Cs(2)s(1)(k) =−
pm−1
∑
i=0
ωv(k−1+i)−u(i).
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When 2k−1 ∈ Z∗2pm , on the other hand, we can deduce that
Cs(2)s(1)(k) = ∑
i∈pZ
pm−1
ωv(k−1+i)+ ∑
i∈C
ω−u(−k+1+i)−
pm−1
∑
i=0
ωv(k−1+i)−u(i)
+ ∑
i∈pZ
pm−1
ωv(k−1+i)−1−∑
i∈C
ω−u(−k+1+i)−1.
Hence, we need to determine ∑
pm−1
i=0 ω
v(k−1+i)−u(i). Based on
1
∑
j=0
1
∑
i=0
dv,u(i, j;k) = p
m
and
dv,u(1,0;k) = dv,u(0,1;k),
we obtain
pm−1
∑
i=0
ωv(k−1+i)−u(i) = pm−2dv,u(1,0;k).
It follows from Lemma 2 and Lemma 5 that
1) if if p≡ 1 or 3 (mod 8), then v(−k+1+ i) = u(k−1+ i) = j for 2k−1 ∈ D
(2pm)
j and i ∈ A;
2) if if p≡ 5 or 7 (mod 8), then v(−k+1+ i) = j and u(k−1+ i) = j+1 mod 2 for 2k−1 ∈ D
(2pm)
j
and i ∈ A.
Combining the above analysis and Lemma 10, we complete the proof of this lemma.
Theorem 16. The autocorrelation of the constructed quaternary sequence {s(n)} of period 2pm can be
given by:
1) if p≡ 1 mod 8, we have
Cs(τ) =


2pm, if τ ≡ 0 mod 2p,
−2pm, if τ ≡ p mod 2p,
pm−1(p−7), if τ ∈ 2D
(pm)
0 ,
pm−1(p−3), if τ ∈ 2D
(pm)
1 ,
pm−1(7− p), if τ ∈ D
(2pm)
0 ,
pm−1(3− p), if τ ∈ D
(2pm)
1 ;
2) if p≡ 3 or 5 mod 8, we have
Cs(τ) =


2pm, if τ ≡ 0 mod 2p,
−2pm−1, if τ ≡ p mod 2p,
pm−1(p−5), if τ ∈ 2Z∗pm ,
pm−1(3− p), if τ ∈ Z∗2pm;
3) if p≡ 7 mod 8, we have
Cs(τ) =


2pm, if τ ≡ 0 mod 2p,
−2pm, if τ ≡ p mod 2p,
pm−1(p−5)+4pm−1ω, if τ ∈ 2D
(pm)
0 ,
pm−1(p−5)−4pm−1ω, if τ ∈ 2D
(pm)
1 ,
pm−1(5− p)−4pm−1ω, if τ ∈ D
(2pm)
0 ,
pm−1(5− p)+4pm−1ω, if τ ∈ D
(2pm)
1 .
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Proof. The desired conclusions on the auto-correlation of {s(n)} follow from Lemma 11, Lemma 12,
Lemma 13, Lemma 14, and Lemma 15.
Example 1. Let m= 2 and p= 3. Then
D
(18)
0 = {1,7,13}, D
(18)
1 = {5,11,17},
2D
(9)
0 = {2,8,14}, 2D
(9)
1 = {4,10,16}.
It can be checked by Magma that
Cs(τ) =


0, if τ ∈ Z∗18,
18, if τ ≡ 0 (mod 6),
−6 if τ ≡ 3 (mod 6) or τ ∈ 2Z∗9,
which accords with Theorem 16.
IV. CONCLUDING REMARKS
In this paper, we present a class of quaternary cyclotomic sequences of period 2pm, where p is an odd
prime. The auto-correlation of these quaternary sequences is determined and results show that they have
at most 4 values of autocorrelation in terms of magnitude.
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